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Abstract. The celebrated exchange fluctuation theorem – proposed by Jarzynski
and Wo´zcik, (Phys Rev. Lett. 92, 230602 (2004)) for heat exchange between two
systems in thermal equilibrium at different temperatures – is explored here for quantum
Gaussian states in thermal equilibrium. Our approach has close resemblance with the
classcial phase-space trajectory description, by employing Wigner distribution function
formalism for quantum states to arrive at this theorem. For two Gaussian states in
thermal equilibrium at two different temperatures kept in contact with each other for
a fixed duration of time we show that the quantum Jarzyinski-Wo´jcik theorem agrees
with the corresponding classical result in the high temperature limit.
Keywords: heat exchange statistics, exchange-fluctuation theorem, Gaussian states,
variance matrix, Wigner function, sympletic transformation
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1. Introduction
Fluctuation theorems [1, 2, 3, 4, 5] are of fundamental significance in non-equilibrium
statistical physics. They correspond to a collection of exact relations, which remain valid
even when the system is driven far away from equilibrium. Various exchange-fluctuation
theorems (XFT) involving thermodynamic quantities like work, heat, entropy have been
proposed during the last two decades [5, 6, 7, 8, 9, ?, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21]. They have offered significant insight in understanding thermodynamical
processes – especially the emergence of irreversibility from reversible dynamics and
the directionality of heat flow implied by second law of thermodynamics. Some of
these relations are applicable for systems in non-equilibrium steady state [11], while
others hold in the transient regime. Fluctuation relations with underlying Hamiltonian
dynamics [17, 18] as well as stochastic dynamics [9, 19, 20, 21] have also been proposed.
There are ongoing efforts to generalize and broaden the applicability of XFT in the
quantum scenario [8, 9, ?, 12, 14, 16].
The fluctuation-exchange relations can be considered as generalizations of second
law of thermodynamics for small systems and they connect the probabilities of
appearance of physical quantitites such as work, heat, number of particles, in an
experimental set up, to those obtainable in a time-reversed set up. For instance, the
Jarzynski-Wo´zcik fluctuation theorem (XFT) [5] given by,
ln
[
pτ (+Q)
pτ (−Q)
]
= △ βQ, △β = 1
k TB
− 1
k TA
(1)
quantifies the ratio of probability pτ (+Q) of heat exchange during interaction of A and
B for a fixed time duration τ , to its time-reversed counterpart pτ (−Q). Here k denotes
Boltzmann constant and Q denotes the amount of heat exchanged.
The Jarzynski-Wo´zcik theorem [5] is one among the important XFTs and has drawn
much attention. Microreversibility and the strict directionality of thermodynamical heat
flow form the foundational features of this XFT relation. Generalizations of the theorem
to include processes involving a system coupled to reservoirs [15], a chain of interacting
particles connecting two heat baths [11], correlated thermal quantum systems [14, 16]
and the like have been carried out.
In the classical scenario Jarzynski and Wo´zcik [5] had employed phase space
description, for the forward and reverse dynamical evolution between statistical systems
A and B in thermal equilibriums at temperatures TA and TB respectively, so that one
gains physical intuition underlying the relation between heat exchange and fluctuations.
In the quantum regime, they considered systems with discrete energy levels to arrive at
the relation (1).
In the present work, we retain the flavour of phase-space approach in the
quantum scenario, by confining ourselves to continuous variable Gaussian thermal states.
Following similar lines as that of the original work [5] we arrive at the heat exchange-
fluctuation theorem in the quantum realm for two Gaussian states in thermal equilibrium
at temperatures TA, TB kept in contact with each other. What comes to our aid here
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is the fact that the Wigner distribution function, characterizing Gaussian states is non-
negative [25] and hence, it serves as a legitimate quantum counterpart of phase-space
probability distribution. This enables us to carry out explicit evaluations and arrive at
the Jarzynski-Wo´zcik XFT in this case.
We have organized our paper as follows: In Section 2 a brief outline of Jarzynski-
Wo´zcik derivation of heat transfer and fluctuation relation (1) is presented. Necessary
mathematical preliminaries on infinite dimensional continuous variable Gaussian
systems, their characterization in terms of variance matrix and obtaining Wigner
distribution function in terms of the variance matrix are given in Section 3. In Section 4,
we derive the Jarzynski-Wo´jcik heat exchange-fluctuation theorem for Gaussian systems
A and B, in thermal equilibrium at temperatures TA, TB respectively using the Wigner
distribution function approach. Time reversal symmetric canonical transformations of
phase space observables is employed to identify explicit forms of forward and backward
heat probability distributions using the Wigner distribution function associated with
Gaussian thermal states (or equivalently, quantum harmonic oscillator system in thermal
equilibrium). Discussions on heat-exchange statistics of quantum and classical harmonic
oscillators in thermal equilibrium, possible connection of Jarzynski-Wo´zcik XFT with
energy equipartition theorem in the quantum scenario are given in Section 5.
2. Classical phase-space description for Jarzynski-Wo´zcik heat
exchange-fluctuation relation
Jarzynski and Wo´zcik considered two systems, phase space evolution of which is
governed by Hamiltonians HA(ξA) and HB(ξB); ξA, ξB denoting phase-space variables
(e.g., positions and momenta) of systems A and B respectively. The systems are kept
in contact with each other for a time duration τ via an interaction characterized by
Hint(ξA, ξB), which is switched ‘on’ at time t = 0, and turned ‘off’ at t = τ . The phase
space trajectory of the two systems is denoted collectively by ξt = (ξtA, ξ
t
B). Both the
systems are initially in thermal equilibrium, at temperatures TA, TB respectively, and
their phase space probability distributions at time t = 0 is given by
p(ξ0) =
e−HA(ξ
0
A
)/k TA e−HB(ξ
0
B
)/k TB
ZA ZB
(2)
where ZA, ZB denote partition functions. Phase-space dynamics of the systems is
assumed to be time-reversal symmetric i.e.,
HA(ξA) −→ HA(ξ∗A) = HA(ξA)
HA(ξB) −→ HB(ξ∗B) = HB(ξB) (3)
Hint(ξ) −→ Hint(ξ∗) = Hint(ξ)
where time reversal operation is denoted by the superscript symbol ( ∗ ). In other words,
for every legitimate forward trajectory ξ0 to ξτ , there exists a time-reversed trajectory
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ξ¯0 = ξτ∗ to ξ¯τ = ξ0∗. Their likelihood ratio is given by (see (2))
p(ξ0)
p(ξ¯0)
= e(HA(ξ¯
0
A
)−HA(ξ0A))/k TA e(HB(ξ¯
0)−HB(ξ0A))/k TB
= e∆EA/k TA e∆EB/k TB (4)
where ∆EA = HA(ξ
τ∗
A )−HA(ξ0A),∆EB = HB(ξτ∗B )−HB(ξ0B) denote change of internal
energies of systems A and B respectively. Assuming that the interaction term Hint is
negligible, it is seen that HA(ξ
0
A) + HB(ξ
0
B) ≈ HA(ξτ∗A ) + HB(ξτ∗B ) or ∆EA ≈ −∆EB.
Net energy change during the interaction represents the amount of heat transferred i.e.,
Q = ∆EA ≈ −∆EB. The heat transfer Q from A to B during forward process gets
compensated by that in the reverse process from B to A and is expressed by
Q(ξ0) = −Q(ξ¯ 0). (5)
Thus, it is seen that
p(ξ0)
p(ξ¯0)
= e∆βQ(ξ
0). (6)
From (5) and (6) it follows that
pτ (Q) =
∫
dξ0 p(ξ0) δ(ξ0 −Q)
pτ (−Q) =
∫
dξ¯0 p(ξ¯0) δ(ξ¯
0
+Q)
= e−∆βQ pτ (Q)
=⇒ pτ (Q)
pτ (−Q) = e
∆βQ. (7)
thus proving the Jarzynski-Wo´jcik heat exchange fluctuation theorem in the classical
scenario.
In the quantum realm Jarzynski and Wo´zcik considered two discrete level systems
prepared initially in thermal equilibrium at temperatures TA, TB and measure their
energies EAi , E
B
i ; the systems are allowed to interact weakly for a time duration τ
after interaction is turned of and energies of both the systems EAf , E
B
f measured.
As the systems are allowed to interact weakly it is expected that the total energy of
the system is conserved: EAi + E
B
i ≈ EAf + EBf . Heat transfer is then interpreted as
Qi→f = EAi −EAf ≈ EBf − EBi resulting in the relation
ln

p
(
|i〉 τ−→ |f〉
)
p
(
|f〉 −τ−→ |i〉
)

 = △βQi→f . (8)
Our interest here is to derive the relation (7) describing heat transfer processes in the
forward and time-reversed dynamics of quantum Gaussian system consisting of two
subsystems A, B, prepared initially in thermal equilibrium at temperatures TA, TB
respectively. Wigner distribution function formalism [25] is emplyed in this approach.
To this end, we give necessary mathematical preliminaries on quantum phase space
description and symplectic evolution, Gaussian thermal states and the associated Wigner
distribution function in Section 3.
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3. Gaussian states – description through variance matrix and Wigner
function
Gaussian states, the most important among continuous variable states [22, 23], find
diverse applications in several fields including quantum stochastic processes and open
system dynamics [24]. They naturally occur as the thermal equilibrium states of any
physical system in the small oscillations limit [24]. Being fully characterized by its
first and second moments Gaussian states are simpler to handle among the continuous
variable states.
Any arbitrary two-mode Gaussian state ρˆAB is characterized completely by its first
and second order moments, written concisely in the form of a 4×4 covariance matrix V
(referred to as variance matrix from now on), which is defined in terms of its elements
as [22, 23]
Vij =
1
2
〈{
ξˆi, ξˆj
}〉
− 〈ξˆi〉〈ξˆj〉, i, j = 1, 2, 3, 4. (9)
Here ξˆi denotes a 4 × 1 column ξˆ with positions and momenta (dimensionless) as its
components:
ξˆ = (qˆA, pˆA, qˆB, pˆB)
T, (10)
where ‘T’ stands for transpose operation; we have denoted
{
ξˆi, ξˆj
}
= ξˆiξˆj + ξˆj ξˆi and
we have denoted 〈· · ·〉 = Tr (ρˆ · · ·) in (9). The canonical phase space variables qˆα, pˆα,
α, β = A, B satisfy the Bosonic commutation relations,
[qˆα, qˆβ] = 0, [pˆα, pˆβ] = 0, and
[qˆα, pˆβ] = i δαβ ; (11)
where δαβ = 1 when α = β and zero when α 6= β, is the Kronecker delta function.
In terms of the components ξˆi, i = 1, 2, 3, 4, the canonical commutation relations (11)
assume the form
[ξˆi, ξˆj] = iΩij , i, j = 1, 2 (12)
where Ωij denote elements of the 4× 4 matrix
Ω =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (13)
The commutation relations (see (11), (12)) remain invariant under a symplectic
transformation [22, 23]:
SΩST = Ω. (14)
The set of all 4×4 real matrices S satisfying the property (14) constitutes the symplectic
group of real linear canonical transformations Sp(4,R) [22, 23].
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The variance matrix V of a two-mode quantum system given explicitly by
V =


〈q2A〉 12〈{qA, pA}〉 〈qA qB〉 〈qA pB〉
1
2
〈{qA, pA}〉 〈p2A〉 〈pA qB〉 〈pA pB〉
〈qA qB〉 〈qB pA〉 〈q2B〉 12〈{qB, pB}〉
〈qA pB〉 〈pA pB〉 12〈{qB, pB}〉 〈p2B〉

 (15)
is a real symmetric positive definite matrix and it completely characterizes a two mode
Gaussian state ρˆAB. Under the symplectic transformation ξˆ
′ = Sξˆ, the variance matrix
V undergoes a congruent transformation V′ = SVST , where V′ is the variance matrix
associated with the new canonical variables qˆ ′α, pˆ
′
β, α, β = A, B.
From the fundamental theorem due to Williamson [26] it follows that variance
matrix V attains a canonical form under symplectic transformation SW such that
VW = SWVS
T
W = diag (νA, νA; νB, νB) (16)
and VW is referred to as the Williamson normal form of the variance matrix and νA, νB
are called the symplectic eigenvalues of the variance matrix. The real positive diagonal
elements να, α = A, B of VW are the positive square roots of the doubly degenerate
eigenvalues of the matrix − (VΩ)2 as,
−SW (VΩ)2 S−1W = − (VWΩ)2 = diag (ν2A, ν2A, ν2B, ν2B). (17)
Corresponding to the symplectic transformation SW, there exists a unitary operator
U(SW) transforming the density matrix ρˆAB of a two mode Gaussian state as follows:
ρˆAB = U
†(SW) (ρˆνA ⊗ ρνB) U(SW) (18)
where the single mode density matrices ρˆνA , ρˆνB are given by [24]
ρˆα =
1
να +
1
2
∞∑
nα=0
(
να − 12
να +
1
2
)nα
|nα〉〈nα|, α = A,B. (19)
Here |nA 〉, |nB 〉 are the eigenstates of the number operators NˆA = aˆ†A aˆA, NˆB = aˆ†B aˆB
of the modes A,B and aˆα, aˆ
†
α are related to the dimensionless canonical position and
momentum observables as follows:
aˆα =
qˆα + i pˆα√
2
, aˆ†α =
qˆα − i pˆα√
2
. (20)
Let us denote Qˆα =
(
~
mα ωα
)1/2
qˆα, Pˆα = (mα ωα ~)
1/2 pˆα. Given the Hamiltonian
of a harmonic oscillator of mass mα, frequency ωα,
Hˆα =
Pˆ 2α
2mα
+
1
2
mα ω
2
α Qˆ
2
α,
=
(
Nˆα +
1
2
)
ωα, (21)
a canonical ensemble of Bosonic oscillators in thermal equilibrium at temperature Tα is
described by
ρˆTα =
e−Hˆα/k Tα
Zα
=
e−~ωα/2k Tα
Zα
∞∑
nα=0
e−nα~ωα/k Tα |nα〉〈nα〉 (22)
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where
Zα = Tr[e
−Hˆ/kTα] = Tr
[
e−
~ωα
kTα
(Nˆα+ 1
2
)
]
=
e−~ωα/2 kTα
1− e−~ωα/kTα (23)
denotes the partition function. The single mode thermal state
ρˆTα =
(
1− e−~ωα/kTα) ∞∑
nα=0
e−nα~ωα/k Tα |nα〉〈nα|
may be readily identified with the canonical single mode Gaussian state ρα of (19)
appearing in the Williamson canonical decomposition (18).
The variance matrix V of any two-mode thermal state ρˆAB = ρˆTA ⊗ ρˆTB is given
by [23]
V =
(
VA 0
0 VB
)
VA =
1
2
coth
(
~ωA
2k TA
)
12, VB =
1
2
coth
(
~ωB
2k TB
)
12 (24)
where 12 denotes 2× 2 identity matrix. Note that V is in the Williamson normal form,
with its symplectic eigenvalues related to the frequency and temperature of the thermal
state of oscillator systems A and B as,
νTα =
1
2
coth
(
~ωα
2k Tα
)
, α = A,B. (25)
In the next subsection we give an outline of some preliminary notions on quantum
phase space formalism in terms of Wigner distribution functions.
3.1. Wigner distribution function of a Gaussian state
Wigner distribution function plays a central role in developing quantum phase space
formalism involving non-commuting canonical observables qˆα, pˆα. In this subsection
we focus on some preliminary notions of Wigner function associated with single mode
continuous variable quantum system.
Wigner function W (q, p) of a single mode continuous variable quantum state ρˆ is a
real function of phase space canonical variables q, p defined by [25]
W (q, p) =
1
~pi
∫ ∞
−∞
dx〈q − x|ρˆ|q + x〉e2ipipx/~ (26)
where |q〉 denotes eigenvector of the operator qˆ; it satisfies the normalization
property [25] ∫ ∞
−∞
∫ ∞
−∞
W (q, p)dq dp = Tr(ρˆ) = 1 (27)
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which is true of any probability distribution and gives correct marginal probability
distributions: ∫ ∞
−∞
W (q, p)dp = 〈q|ρˆ|q〉,
∫ ∞
−∞
W (q, p)dq = 〈p|ρˆ|p〉 (28)
Quantum expectation value of any operator fˆ(qˆ, pˆ) in a state ρˆ can be replaced by a
phase space integration using Wigner function W (q, p) as,
Tr
[
ρˆ fˆ(qˆ, pˆ)
]
=
∫ ∞
−∞
∫ ∞
−∞
W (q, p) f(q, p) dq dp. (29)
where Weyl’s correspondence rule
qk pl ←→ 1
2k
k∑
r=0
k!
r! (k − r)! qˆ
r pˆl qˆk−r (30)
to associate classical functions with quantum operators has been employed [25].
Wigner function formalism allows phase space description (see (27), (28), (29)) of
quantum theory in a classical language. However the function W (q, p) is not necessarily
non-negative everywhere and hence it is termed as quasi -probability distribution
function [25].
Interestingly, the Wigner function associated with single mode quantum Gaussian
states given by [22]
W (ξ) =
1
2pi~
√
detV
e−
1
2
ξT V−1 ξ (31)
is non-negative everywhere. Here, V is the variance matrix of the Gaussian state
and phase space canonical variables are expressed compactly in the form of a column
ξ = (q, p)T . Wigner function of a single mode Gaussian state in thermal equilibrium at
temperature T [25] takes the following form (by substituting the variance matrix of a
thermal state (see (24)) and after simplification):
W (q, p) =
1
2pi ~ νT
exp
[
− 1
2 νT
(q2 + p2)
]
(32)
=
1
2pi ~ νT
exp
[
−H(Q,P )
~ω νT
]
where H(Q,P ) = P
2
2m
+ 1
2
mω2Q2, Q = (~/mω)1/2 q, P = (mω~)1/2 p and
νT =
1
2
coth
(
~ω
2 k T
)
is the symplectic eigenvalue of the variance matrix (see (25)).
It is evident that W (q, p) of (32) is a Gaussian function of q, p and is non-negative.
Using the Wigner function description it is possible to develop a time-reversal
symmetric phase space trajectory approach to derive heat exchange flctuation relation
analogous to the Jarzynski-Wo´jcik approach in the classical scenario (as outlined in
Section 2).
We discuss heat exchange statistics between two Gaussian systems, in thermal
equilibrium at different temperatures in the next section.
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4. Heat exchange fluctuation theorem for Gaussian thermal states
Let us consider two quantum systems A and B characterized by their respective
Hamiltonians
HˆA(ξˆA) =
Pˆ 2A
2mA
+
1
2
mAω
2
A Qˆ
2
A, HˆB(ξˆB) =
Pˆ 2B
2mB
+
1
2
mBω
2
B Qˆ
2
B, (33)
where ξˆα = (qˆα, pˆα)
T , qˆα =
√
mαωα
~
Qˆα, pˆα =
1√
mαωα~
Pˆα, α = A,B.
Let the systems be prepared in a thermal state at temperatures TA, TB respectively
i.e.,
ρˆTA =
e−HˆA(ξˆA)/k TA
ZA
, ρˆTB =
e−HˆB(ξˆB)/k TB
ZB
. (34)
The Wigner functionW (ξ 0) at time t = 0 corresponding to the two-mode Gaussian
thermal state ρˆ 0AB = ρˆ
0
TA
⊗ ρˆ 0TB is a product of Wigner functions W (ξ0A), W (ξ0B), where
ξ 0 = (ξ 0A, ξ
0
B)
T and ξ 0A = (q
0
A, p
0
A)
T , ξ 0B = (q
0
B, p
0
B)
T are classical phase space columns at
t = 0. Using (32) we obtain
W (ξ 0) =
1
(2pi ~)2 νTAνTB
exp
[
−
(
ξ 0TA ξ
0
A
2νTA
+
ξ 0TB ξ
0
B
2νTB
)]
(35)
=
1
(2pi ~)2 νTAνTB
exp
[
−
(
HA(ξ
0
A)
~ωAνTA
+
HB(ξ
0
B)
~ωBνTB
)]
(36)
where Hα(ξ
0
α) =
P 2α
2m
+ 1
2
mω2αQ
2
α, Qα = (~/mαωα)
1/2 qα, Pα = (mαωα~)
1/2 pα, α = A,B.
The systems A and B are kept in contact with each other in terms of a quadratic
interaction Hamiltonian (representing a canonical transformation in phase space)
Hˆint(ξˆt), which is turned on and off at time t = 0, t = τ respectively.
Corresponding to the unitary time evolution operator
Uˆ(ξˆτ ) = exp
[
−i τ
~
(
HˆA(ξˆ
τ
A) + HˆB(ξˆ
τ
B) + Hˆint(ξˆ
τ )
)]
(37)
there exists a 4×4 real symplectic matix [22, 23] Sτ ∈Sp(4,R) which acts on the column
of canonical operators as ξˆ0 = (qˆ0A, pˆ
0
A; qˆ
0
B, pˆ
0
B) resulting in
ξˆ0
Sτ−→ ξˆτ = Sτ ξˆ0 = ξˆτ . (38)
Consequently, the Wigner function undergoes the transformation: W (ξ0) −→ W (ξτ),
ξτ = (qτA, p
τ
A ; q
τ
B, p
τ
B)
T . We thus obtain,
W (ξτ) =
1
(2pi ~)2 νTAνTB
exp
[
−
(
HA(ξ
τ
A)
~ωA νTA
+
HB(ξ
τ
B)
~ωB νTB
)]
(39)
Under Time-reversal operation one finds that ξˆ −→ ξˆ∗ = (qˆA, −pˆA ; qˆB, −pˆB)T .
The unitary dynamics is chosen to be invariant under time-reversal i.e.,
HˆA(ξˆA) −→ HˆA(ξˆ∗A) = HˆA(ξˆA)
HˆA(ξˆB) −→ HˆB(ξˆ∗B) = HˆB(ξˆB) (40)
Hˆint(ξˆ) −→ Hˆint(ξˆ∗) = Hˆint(ξˆ).
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Consider dynamical evolution of the system under time-reversal, transforming the phase
space column of observables ξˆ0 ∗ = ˆ¯ξ
τ
to ξˆτ ∗ = ˆ¯ξ
0
. Ratio of the Wigner functions
W (ξ0)/W (ξ¯0) is then given by (see (35) and (39)),
W (ξ0)
W (ξ¯0)
=
W (ξ0)
W (ξτ ∗)
= exp
[(
HA(ξ
τ ∗
A )−HB(ξ 0A)
~ωA νTA
)]
exp
[(
HB(ξ
τ ∗
B )−HB(ξ 0B)
~ωB νTB
)]
= exp
[ △EA
~ωA νTA
]
exp
[ △EB
~ωB νTB
]
(41)
where
△EA = HA(ξ τ ∗A )−HA(ξ 0A), △EB = HB(ξ τ ∗B )−HB(ξ 0B). (42)
Considering a weak interaction Hˆint(ξˆ
t), it is deduced that
HA(ξ
0
A) +HB(ξ
0
B) ≈ HA(ξτ∗A ) +HB(ξτ∗B )
⇒△EA ≈ −△ EB. (43)
implying that the net change in internal energy of system A is compensated by an
opposite change in the internal energy of system B, when the phase space trajectory
ξt is sampled. In other words, heat transfer during forward realization Q(ξ0) = △EA
is opposite to that of the reverse realization i.e., Q(ξ¯0) = △EB = −Q(ξ0). Thus, we
obtain
W (ξ0)
W (ξ¯0)
= e△βωQ(ξ
0), (44)
where
△βω = 1
~ωA νTA
− 1
~ωB νTB
=
2 tanh
(
~ωA
2 k TA
)
~ωA
−
2 tanh
(
~ωB
2 k TB
)
~ωB
(45)
Heat distribution pτ (Q) can then be expressed in terms of the Wigner function as
pτ (Q) =
∫
dξ0W (ξ 0) δ(Q−Q(ξ 0))
= e△βQ
∫
dξ¯ 0W (ξ¯ 0) δ(Q+Q(ξ¯ 0))
= e△βωQ pτ (−Q). (46)
We obtain
ln
(
pτ (Q)
pτ (−Q)
)
= △βω Q (47)
where △βω is given by (45). We thus arrive at a a more general quantum quantum
Jarzynski-Wo´zcik heat-exchange fluctuation relation (47) for Gaussian thermal states.
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5. Discussions
Some relevant discussions on different forms (1), (8), (47) of the Jarzynski-Wo´zcik heat-
exchange fluctuation relations are summarised in the following.
(i) In the high temperature limit ~ω
k T
→ 0 we get △βω → △β. Thus the quantum
heat-exchange fluctuation relation (8) reduces to its classical analogue (1) in this
limit.
(ii) Equipartition theorem plays a fundamental role in classical statistical physics. It
states that for a system in thermal equilibrium at temperature T the average energy
per degree of freedom is given by 1
2
k T. Equipartition theorem of energy holds
universally in classical statistical physics as it neither depends on the number
of particles in the ensemble nor on the nature of the potential acting on the
particles. For a system of one dimensional classical harmonic oscillators, in thermal
equilibrium at temperature T , contribution to the average energy comes from
mean kinetic energy and mean potential energy i.e., 〈E〉 = k T . It has been
pointed out [27, 28, 29] recently that the classical energy equipartition theorem
does not hold in the quantum realm. It is seen that the average energies in the
state ρAB = ρTA ⊗ ρTB (see (34)) – characterizing a system of quantum harmonic
oscillators A and B in thermal equilibrium at temperatures TA, TB respectively –
are given by
〈HˆA〉 = Tr[ρTA HˆA]
=
~ωA
2
(〈qˆ2A〉+ 〈pˆ2A〉)
=
~ωA
2
coth
(
~ωA
2 k TA
)
= ~ωAνTA (48)
〈HˆB〉 = Tr[ρTB HˆB]
=
~ωB
2
(〈qˆ2B〉+ 〈pˆ2B〉)
=
~ωB
2
coth
(
~ωB
2 k TB
)
= ~ωBνTB (49)
where we have made use of (15), (24) and (33).
Here the average energies (48), (49) depend on frequencies ωA, ωB (indicative of
the nature of the potential) besides temperatures TA, TB. The factor △ βω in the
Jarzynski-Wo´zcik heat exchange fluctuation relation (8) approaches its classical
analogue △ β of (1) only in the high temperature limit (see (i) above). Deviations
of (8) from (1) could be attributed to the fact that classical energy equipartition
is no longer valid in the quantum scenario. A series of recent papers [27, 28, 29]
have proposed quantum counterpart of energy equipartition theorem, which may
shed more light on quantum heat exchange statistics of thermal harmonic oscillator
system.
(iii) The heat distribution associated with systems of thermal quantum harmonic
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oscillators, weakly coupled to a heat reservoir at different temperatures, has been
derived by Denzler and Lutz [30] by solving the quantum master equation. It has
been shown that the heat distribution satisfies Jarzynski-Wo´zcik XFT (8). Authors
of Ref. [30] implement measurements on the discrete energy levels of the quantum
thermal oscillator systems at time t = 0 and t = τ to arrive at the corresponding
XFT (8) - as prescribed originally by Jarzynski-Wo´zcik [5]. We have employed
quantum phase space formalism using Wigner function for Gaussian thermal states
to arrive at the XFT (47), classical limit of which can be readily seen.
We believe that quantum phase-space formalism to study Jarzynski-Wo´czik XFT
opens up new perspectives towards understanding the heat distribution statistics and
its clasical limit.
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